Abstract. We construct a pairing, which we call factorization homology, between framed manifolds and higher categories. The essential geometric notion is that of a vari-framing of a stratified manifold, which is a framing on each stratum together with a coherent system of compatibilities of framings along links of strata. Our main result constructs labeling systems on disk-stratified vari-framed n-manifolds from (∞, n)-categories. These (∞, n)-categories, in contrast with the literature to date, are not required to have adjoints. The core calculation supporting this result is a homotopy equivalence between the space of conically smooth diffeomorphisms of a disk-stratified manifold and its space of vari-framings. This allows the following conceptual definition: the factorization homology M C of a framed n-manifold M with coefficients in an (∞, n)-category C is the classifying space of C-labeled disk-stratifications over M .
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Introduction
In this work, we construct the factorization homology of n-manifolds with coefficients in (∞, n)-categories. We posit this forms the fundamental relation between manifold topology and higher category theory, answering a question which we now motivate and describe.
In 1988, Atiyah [At] proposed a mathematical framework for topological quantum field theory modeled on Segal's earlier axioms for conformal field theory [Se1] . An explosion in physically motivated topology over the previous five years informed his proposal. These advances were carried out by new studies of gauge theory; this includes both Atiyah & Bott's analysis of the Morse theory of the Yang-Mills functional to compute the cohomology of algebraic bundles on Riemann surfaces in [AB] , as well as Donaldson's revolution in smooth 4-manifold topology based on the self-dual Yang-Mills equations in [Do] . These advances led to an open challenge to marry other low-dimensional topology invariants, such as the Casson invariant and the Jones polynomial, with mathematical physics. Witten answered this challenge by introducing Chern-Simons theory [Wi] , a gauge theory in which the standard Yang-Mills action is replaced by the Chern-Simons 3-form of the connection. At a physical level of rigor, Witten showed that the Jones polynomial is the partition function in Chern-Simons theory.
Atiyah's proposed axioms were most influenced by Chern-Simons theory and Witten's notion of topologically invariant quantum field theories. In Chern-Simons, a 3-manifold M is assigned an element in a vector space Z(∂M ) associated to its boundary. This association adheres to a locality with respect to surgery on manifolds. Atiyah added axioms to encode this surgery-locality in terms of Thom's cobordism theory: in this now ubiquitous definition, a topological quantum field theory is a functor from a category whose object are (n − 1)-manifolds and whose morphisms are n-dimensional cobordisms.
By the early 1990s, it had become clear that if codimension-1 boundary conditions form a vector space, then higher codimension defects should correspond to higher categorical objects. Earliest publications of this include works of Lawrence [La] , Freed [Fr1] , and Crane-Yetter [CY] , but the insight is often attributed collectively to many mathematicians, including Baez, Dolan, Kapranov, Kazhdan, Reshetikhin, Turaev, Voevodsky, and others. Relevant works include [BaDo] , [KV] , [RT] , [Wa] , and [Ka] ; see in particular, Freed's work on quantum groups [Fr2] and the Baez-Dolan cobordism hypothesis, which specified many features that should be true of this connection between manifolds and higher category theory in terms of an extensive surgery-locality based on Morse theory.
While it appeared clear that higher categories bore a close connection to field theory, a basic question remained unanswered: what is it that connects them? For instance, field theories are defined by integration -is there integration on the categorical side? Or does the category theory only serve as an elaborate system of bookkeeping?
During this same period, Beilinson & Drinfeld introduced a beautiful theory of chiral and factorization algebras, an algebro-geometric approach to conformal field theory; their work was finally published a decade later in [BeDr] . Therein, they devised a fantastic procedure-chiral homologyin which one integrates a chiral algebra coherently over all configuration spaces of a curve to produce a conformal field theory. The conformal blocks of the field theory occur as the zeroth chiral homology group. They defined algebro-geometric forms of standard vertex algebras, and calculated their chiral homologies in several cases of especial interest, including lattice algebras and central extensions of enveloping algebras of Lie algebras.
This theory of factorization algebras, and of coherently integrating over all configuration spaces at once, inspired and connected with a number of works in differing areas. These include: quantum groups in [BFS] ; manifold topology and mapping spaces in [Lu2] , [Sa] , [Se2] , and [AF] ; ℓ-adic cohomology and bundles on curves in [GL] . In mathematical physics, Costello [Co1] developed a rigorous system of renormalization for perturbative quantum field theories based on the Batalin-Vilkovisky formalism [BV] . Analyzed in great depth by Costello & Gwilliam [CG] , the quantum observables in these renormalized theories obtain the structure of a factorization algebra in a topological sense. Assuming the theory is perturbative, then the global observables are computed by a likewise process of factorization homology: one integrates over all embedded disks, rather than configuration spaces. This theory accommodates a wealth of examples, from perturbative Chern-Simons to twisted supersymmetric gauge theories [Co2] .
Consequently, for conformal field theory as well as for perturbative quantum field theory, our basic motivating question has an answer: there is integration on the categorical side, and it is chiral/factorization homology. The field theory itself is implemented by integration over manifolds from an algebraic input, which is a chiral/factorization/E n -algebra. However, this forms only a partial solution to our basic question, because Chern-Simons and the other field theories involved are not perturbative. Their perturbative sectors do not account for the entire theories. Said differently, the global observables in these theories are not computed as the factorization homology of the local observables, viewed as an E n -algebra. From the point of view of the cobordism hypothesis of Baez-Dolan, further developed by , certain higher categories are given by the Morita theory of E n -algebras. These account for those TQFTs whose value on a point is Morita equivalent to an E n -algebra, i.e., to an (∞, n)-category with a single object and a single k-morphism for k < n. (The collection of n-morphisms then forms an E n -algebra, just as the collection of 1-morphisms in a category with a single object forms an algebra.) For this special class of (∞, n)-categories, the outputted field theory, as expected by the cobordism hypothesis, can be implemented by taking factorization homology of E n -algebras. Consequently, we can now give a more precise rephrasing of our basic question.
Question 0.1. What higher codimensional enhancement of chiral/factorization homology implements topological quantum field theory?
That is, we wish to solve the theoretical problem of comparing category theory and field theory, after Baez-Dolan, within the philosophy of Beilinson-Drinfeld. In the narrative we pursue in this introduction, this theory should fill the last entry in the following table.
Physics
Algebra Integration CFT chiral algebra chiral homology ( [BeDr] )
perturbative TQFT E n -algebra/stack factorization homology ([Lu2] , [AF] )
perturbative QFT factorization algebra factorization homology ( [CG] )
TQFT (∞, n)-category
Our proposed solution, which we again call factorization homology, has a simple summary: rather than integrating over configuration spaces -i.e., over the moduli space of finite subsets -integrate over a moduli space of disk-stratifications. The conclusion of this paper is that this heuristic definition can be made well-defined.
Before describing what technical features this problem absorbs and how they are overcome, we first make an observation and comment. In the diagram above, we have listed (∞, n)-categories instead of (∞, n)-categories with duals or adjoints. As far as we are aware, the TQFT literature to date has uniformly emphasized the necessity of adjoints in the category theory; these adjoints mirror categorically the Morse theory and surgery-locality of Atiyah's axioms and the cobordism hypothesis after [BaDo] and [Lu3] . However, examples such as Donaldson theory have not fit into these axioms. There are genuine topological obstructions to defining the requisite Floer theory on the full bordism category; see [FKNSWW] . In particular, the monopole Floer homology of Kronheimer-Mrowka [KM] is defined only on a bordism category whose morphisms are connected bordisms. We are hopeful that these important Floer theories may still fit in the factorization paradigm after Beilinson & Drinfeld, exactly because we can fill in the missing square in the above diagram without requiring adjoints in the coefficient (∞, n)-categories.
We now describe our solution. First, we recall the corresponding simpler case in codimension-0, factorization homology with coefficients in an E n -algebra. If A is an E n -algebra and M is an framed n-manifold, one heuristically constructs factorization homology as
the classifying space of a category, an object of which is a collection of disjointly embedded n-disks in M each of which is labeled by a point of A. There are several important classes of morphisms.
(1) compositions: two disks are embedded in a third disk, and the labels multiply in A.
(2) units: a disk is added to a configuration, labeled by the unit of A. (3) coherence: disks are moved through an isotopy of embedding.
If one defines an E n -algebra in terms of the little n-cubes operad, using rectilinear embeddings of disks, then one has to do a calculation to show an E n -algebra adequately defines such a coherent labeling system on a framed n-manifold M . This calculation is that the space of rectilinear selfembeddings of a disk is homotopy equivalent to the space of framed self-embeddings of a disk. This boils down to the even more basic fact that differentiation defines a homotopy equivalence
between the space of diffeomorphisms of R n and the space of framings of R n .
We wish to make a corresponding construction where the E n -algebra A is replaced by an (∞, n)-category C. The factorization homology of a framed n-manifold M with coefficients in C should be M C ≈ C-labeled disk-stratifications of M , the classifying space of a category, an object of consists of a coherent system of:
• a stratification of M , each closed component of which is a k-disk;
• a k-morphism of C for k-dimensional component of the stratification of M .
There are several important classes of morphisms.
(1) refinements/compositions: a stratum is refined away, forgotten, and the labels are composed. (2) creations/units: a new stratum is created, labeled by identity morphisms. (3) coherence: a stratification is moved via diffeomorphism to another stratification.
This template for making factorization is, however, afflicted by the absence of any known model for (∞, n)-categories which can define such a system of labels. Most models for (∞, n)-categories are constructed in terms of presheaves on a combinatorially defined category, such as Θ n or the n-fold product ∆ n , and none of these are manifestly suitable for decorating a disk-stratification.
We encountered a similar, easier, obstruction in the guiding simpler case above. One cannot obviously define factorization homology with coefficients in an algebra for the little n-cubes operad. One requires an intermediate notion, namely the operad of framed embeddings (which is infinite dimensional but homotopy finite dimensional) and a comparison result, that the two operads are weakly homotopy equivalent. This allows one to Kan extend the E n -algebra along the inclusion of rectilinear embeddings into framed embedding without altering the homotopy type; once one has expressed the E n -algebra in terms of framed embeddings, the definition is manifestly well-defined.
We solve this issue in our setting in three steps. In the first step, we construct an ∞-category of labeling systems for stratifications on framed n-manifolds. In the second step, we show that (∞, n)-categories embeds fully faithfully into labeling systems. In the third step, we define factorization homology with coefficients in the specified labeling systems. We elaborate on these steps below.
First step: In our antecedent work on striation sheaves [AFR] , we constructed an ∞-category cBun whose objects are compact conically smooth stratified spaces and whose morphisms include refinements and stratum-creating maps, exactly as in points (1) and (2) above. Now, starting from cBun, we restrict to the ∞-subcategory cDisk ⊂ cBun of objects which are disk-stratified, as above. We then introduce the notion of a variform framing -for short, vari-framing -on a stratified space. A vari-framing consists of a framing on each stratum together with compatibilities between these framings in links of strata. From this, we define cDisk vfr n as the collection of compact disk-stratified manifolds of dimension less or equal to n and equipped with a vari-framing. Lastly, the ∞-category of labeling systems is Fun(cDisk vfr n , Spaces) , space-valued functors on vari-framed compact disk-stratified n-manifolds.
Second step: We use Rezk's presentation [Re2] of the ∞-category of (∞, n)-categories Cat (∞,n) as a full ∞-subcategory of PShv(Θ n ), presheaves on Joyal's category Θ n of [Jo2] . We construct a cellular realization Θ op n −→ cDisk vfr n from Joyal's category. We prove that this is fully faithful, which is the essential technical result of this paper. The core calculation underlying this fully faithfulness is a natural homotopy equivalence
between the space of conically smooth diffeomorphisms of a hemispherically stratified k-disk and the space of vari-framings of the k-disk. The lefthand side is a manner of pseudoisotopy space, so this result can be interpreted as a cancellation between pseudoisotopies and vari-framings.
Third step: Lastly, we left Kan extend from cDisk vfr n to cMfd vfr n . That is, factorization homology is the composite
where the first functor is the fully faithful embedding of the second step, and the second functor is left Kan extension along the inclusion cDisk Theorem 0.2. There is a fully faithful embedding of (∞, n)-categories into space-valued functors of vari-framed n-manifolds
in which the value D k C is the space of k-morphisms in C, where D k is the hemispherically stratified k-disk.
In the sequel to this work, we will apply this higher codimension form of factorization homology to construct topological quantum field theories.
Linear overview. We conclude the introduction by a linear overview of this work, followed by a comparison with spiritually similar works.
Section 1 recalls the requisite definitions and results on stratified spaces from the antecedent works [AFR] and [AFT] . In the joint work [AFT] with Hiro Lee Tanaka, we developed a theory of smoothly stratified spaces founded on the key technical notion of conical smoothness. This technical feature allowed for well-behaved homotopy types of mapping spaces and such bedrock results as an inverse function theorem, an isotopy extension theorem, and the unzipping construction, which is a functorial resolution of singularities. One could take the collective results of [AFT] as meaning that there is a theory of stratified spaces with well-behaved smooth moduli.
In [AFR] , we developed this theory further, showing that this theory extends to one with wellbehaved singular moduli. An ∞-category Bun encodes this theory of singular moduli of stratified spaces. A morphism in Bun can be regarded as a constructible bundle over the standardly stratified interval {0} ⊂ [0, 1]. A close relative, the absolute exit-path ∞-category Exit, likewise encodes the theory of pointed singular moduli. The construction of Bun and Exit formed the main result of that work. Their existence is nonformal, because 1-morphisms do not obviously compose: one wants to compose by gluing intervals end-to-end, but the resulting total space no longer maps constructibly to interval. One must resolve singularities and retract floating strata to fix the total space.
Consequently, the existence of Bun and Exit as ∞-categories requires one to verify horn-filling conditions by hand using a sort of dévissage of conically smooth stratified structures. In order to perform this by-hand construction, we broke the problem into two conceptual steps. First, we introduced striation sheaves, sheaves on stratified spaces which satisfy additional descent conditions, and we proved that Bun and Exit are striation sheaves. This required showing this theory of singular moduli satisfied descent for blow-ups and for gluing along consecutive strata, among other conditions. Second, we proved that striation sheaves are equivalent to ∞-categories. To do so, we showed that there is a fully faithful functor
given by a complete Segal space form of the exit-path ∞-category of Lurie [Lu2] and MacPherson. Our construction of Exit is by restricting the Yoneda embedding along a functor st : ∆ ֒→ Strat defined by sends the object [p] to the topological p-simplex ∆ p with the standard stratificationthe conical stratification given by regarding ∆ p as the p-fold cone on a point. By analysis of the homotopy type of conically smooth stratified maps between cones, we obtained that the functor st is fully faithful, and thus that there is an embedding of PShv(∆), hence ∞-categories, into presheaves on stratified spaces. The result then followed by applying a dévissage of stratified spaces, showing that the values of a striation sheaf are determined by two values (on a point and on a 1-simplex) after a combination of resolving singularities and induction on depth of singurality type.
Section 2 begins the new material of the present work. Intuitively, presheaves on the ∞-category cBun should present a theory of "(∞, ∞)-categories with pseudoisotopic duals" in the same way that presheaves on the simplex category ∆ presents usual ∞-categories. However, in this work we do not want to express "(∞, ∞)-categories with pseudoisotopic duals" in terms of manifolds; our goal is merely to express (∞, n)-categories in terms of manifolds. Consequently, we fix cBun in two ways for this purpose.
(1) We restrict to objects of cBun of dimension less than or equal to n to eliminate noninvertible k-morphisms for k > n. (2) We introduce a stratified tangential structure -a vari-framing -to eliminate the duals and pseudoisotopies. Here, a vari-framing of a stratified space X is a trivialization of the tangent constructible sheaf ϑ X , defined in §2.3. This is a more subtle notion than just a framing on the underlying space of X. We define cMfd vfr n , the ∞-category of compact vari-framed n-manifolds, as the results of these steps.
Section 3 equates the topology of the constructions of §2 with combinatorics. First, we cut down the topology by restricting to cDisk vfr n , a full ∞-subcategory of Mfd vfr n whose objects are diskstratified. This notion is defined in §3.3. The principal construction of this section is a cellular realization functor
vfr n from Joyal's category Θ n , the n-times iterated wreath ∆ ≀n of the usual simplex category. We construct our cellular realization in two steps.
• For n = 1, we directly construct the cellular realization
Lastly, we prove that this cellular realization is fully faithful, which is the main technical result of this paper. After an analysis of colimits in Θ op n and cDisk vfr n , this comparison boils down to a homotopy equivalence between conically smooth diffeomorphisms of a stratified disk and the space of vari-framing on the disk, which we establish. This fully faithfulness of cellular realization establishes the following pairing of concepts:
Category theory Stratified manifolds an (∞, n)-category C a vari-framed disk-stratified n-manifold M a k-morphism a connected k-dimensional stratum composition of k-morphisms merging k-dimensional strata by refinement identity k-morphisms creating a k-dimensional stratum source & target maps eliminating strata by closed morphisms Section 4 is formal and takes only a page. As a result of §3, we can extend an (∞, n)-category
by right Kan extension along Θ op n ֒→ cDisk vfr n . To define factorization homology M C for a general vari-framed n-manifold M , we left Kan extend:
This completes the construction of the fully faithful functor Cat (∞,n) −→ Fun(Mfd vfr n , Spaces).
Comparison with other works. Our notion of factorization homology is a direct generalization, from the E n -algebra case, of the labeled configuration spaces of Salvatore [Sa] and Segal [Se2] . These are both special cases of factorization homology, or topological chiral homology, after Lurie [Lu2] .
The essential notion underlying this work, of defining a homology theory by integrating over disk-stratifications, was earlier conceived by Morrison-Walker [MW] . This is likewise the essential notion for their blob homology. Our factorization homology is thus a spiritual cousin of their blob homology. However, there are significant differences in concept, execution, and result.
First, there is a difference in end result: we prove that an (∞, n)-category defines an input for factorization homology. To accomplish this takes the combined work of the present paper, of [AFR] , and of [AFT] , to fuse combinatorics and differential topology. It requires: the introduction of the notion of conical smoothness of stratifications and a host of results about the differential topology thereof; the striation sheaf model of ∞-categories; the striation sheaf property of Bun, showing existence of composition of morphisms via resolution of singularities; the homotopy equivalence between conically smooth diffeomorphisms of D n and its space of vari-framings. Morrison & Walker have not yet shown that their blob homology can take as input an (∞, n)-category, with or without duals/adjoints. Instead, they conceive their own notion of an (∞, n)-category, with duals.
A technical difference is that our definitions of homology are, in detail, quite different and not easily comparable. We define factorization homology as a colimit over an ∞-category cDisk vfr n/M whose morphisms are of four basic types: (1) refining strata, (2) creating strata, (3) isotoping strata, and (4) eliminating strata. Morrison & Walker define blob homology as a colimit over a poset D(M ) of stratifications of M , the morphisms in which are of type (1), namely refining strata.
Regarding (2), in the blob definition of higher categories there are no creation morphisms. Consequently, it appears that their notion of a higher category would lack units. Units play an important role in higher dimensional associativity in (∞, n)-category theory, and ensuring their existence, and the composability of creation morphisms, accounts for much of the technical difficulty in showing that Bun indeed defines an ∞-category. Regarding (3), another difficulty of comparison is the absence of common point-set refinements of two disk-stratifications. If one allows refining strata to be isotoped, then common refinements do exist. This leads to organizing morphisms in Bun as spaces, the paths in which account for isotopies. A lack of topology on mapping spaces would also obstruct any comparison with combinatorial models of (∞, n)-categories. In particular, we are able to define a fully faithful functor Θ op n → cDisk vfr n exactly because the righthand side is topologized; without a topology on mapping spaces (e.g., allowing isotopies of stratifications as invertible morphisms) a discrete version of the righthand side-as is used in the blob setting-need not receive any functor from Θ op n or any other collection of combinatorial generators for (∞, n)-categories. A last difference stems from our introduction of the vari-framing. The rigid geometric structure of the vari-framing allows for factorization homology to take coefficients in (∞, n)-categories, rather than (∞, n)-categories with adjoints. If one used a more naive notion of a framing, such as a framing on the underlying manifold, then this would require the input (∞, n)-category to have adjoints. The existence of adjoints is an extremely restrictive condition on an (∞, n)-category, and becomes more restrictive as n increases, so this allows factorization homology to be defined with far more possible inputs.
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Recollections of striation sheaves
In this section, we recall definitions and results from our antecedent works. The reference for §1.1 is [AFT] , and the reference for the subsequent sections is [AFR] . This section is only an overview, so see those works for precise definitions and details; all the assertions below are substantiated in those works.
1.1. Stratified spaces. The work [AFT] presents a theory of smoothly stratified spaces founded on a key technical feature of conical smoothness. The conical smoothness condition prevents the existence of shearing maps. That is, a map of Whitney stratified spaces X → Y might be smooth on a closed stratum X p as well as on its open complement X X p , yet still exhibit some degenerate shearing behavior as a path moves from X X p into X p . The essential local property that conical smoothness should have is that for a map between cones F : C(L) → C(M ) such that f −1 * = * , there should exist a smooth isotopy so that f is equivalent to the cone on a map L → M .
We give now give a rough definition of conical smoothness. The definition is by induction on dimension and depth of singurality type, starting with the case of maps between cones, so it will appear to be circular. See [AFT] for a detailed treatment.
First fixing notation, for Z → P a stratified space indexed by a poset P , the cone on Z is the space
stratified by the left-cone of the indexing poset P . The * -stratum consists the cone-point * ⊂ C(Z).
A basic is a stratified space of the form
Each basic has a cone-locus as well as an origin:
A map between basics f :
is conically smooth if either the image of the source cone-locus does not intersect the target cone-locus and does so conically smoothly, or the map carries the cone-locus to the cone-locus and, for each (p, s, z) ∈ R i × C(Z), and each v ∈ R i , the limit (1) lim
exists and is again conically smooth in the arguments (p, s, z) and v. Since the topological dimension of Z is necessarily strictly less than that of X, this can be made well-defined in the induction. We now give a similarly inductive definition of stratified spaces, in the conically smooth sense.
Definition 1.1 (Stratified spaces). A singular manifold X is a locally compact paracompact Hausdorff topological space with a continuous map X → P to a poset, together with a maximal atlas by basics R i × C(L) for which the transition maps are conically smooth. A stratified space X consists of a singular manifold X → P together with a map of posets P → Q. The category Strat has objects which are stratified spaces; the morphisms are conically smooth maps, where a map f : X → Y is conically smooth if it is locally conically smooth with respect to a choice of charts.
We build an enrichment in simplicial sets of the ordinary category Strat, defining the simplicial set Strat(X, Y ) as having q-simplices the set of conically smooth maps X × ∆ q e → Y × ∆ q e which project to the identity on ∆ q e . Here ∆ q e is the extended q-simplex (see Definition 1.4). The regularity along strata ensured by conical smoothness can be used to prove that this simplicial set is a Kan complex.
Definition 1.2 (Strat).
Strat is the ∞-category associated to the Kan-enrichment of the ordinary category Strat.
There are a number of notable subsidiary ∞-categories
which are defined by restricting to the following classes of maps. Definition 1.3. Let f : X → Y be a conically smooth map of stratified spaces.
• Embedding (emb): f is an open embedding if it is an isomorphism onto its image as well as open map of underlying topological spaces.
f is a refinement if it is a homeomorphism of underlying topological spaces, and, for each stratum • Proper constructible (p. cbl): f belongs to the class (p. cbl) if it is a constructible bundle and it is proper, i.e., if f −1 C ⊂ X is compact for each compact subspace C ⊂ Y . f belongs to either of the classes (p. cbl, surj) or (p. cbl, inj) if it is proper constructible as well as either surjective or injective, respectively.
1.2. Exit paths. The enrichment Strat of stratified spaces allows for a very natural presentation of the exit-path ∞-category of a stratified space, after Lurie [Lu2] and MacPherson. First, we recall two cosimplicial objects in Strat given by simplices. Definition 1.4. The extended cosimplicial smooth manifold takes values
The standard cosimplical stratified space
We use the same notation for each composed with the localizing functor to Strat.
Following [AFR] , we use the standard simplices to define the exit-path ∞-category Exit(X) as the simplicial space represented by X, so that the space of p-simplices of Exit(X) is exactly the mapping space Strat(∆ p , X). More formally:
Definition 1.5. The exit-path ∞-category functor is the restricted Yoneda functor
The following is one of the main results of [AFR] . 
• The diagram
1.3. Striation sheaves. Striation sheaves are sheaves on stratified spaces which send the distinguished classes of diagrams of Theorem 1.6 to limit diagrams in Spaces. A second main result of the techniques of [AFT] is that stratified space are generated by these classes of colimits (especially, by resolution of singularities and open covers) beginning only with the 1-simplex, which allows for the following comparison with complete Segal spaces.
Theorem 1.7. Restriction to the standardly stratified simplices defines an equivalence
between ∞-categories and striation sheaves, the full ∞-subcategory of PShv(Strat) consisting of striation sheaves. This equivalence sends an ∞-category C to the presheaf on Strat taking values
We use striation sheaves to make interesting ∞-categories by hand from smooth stratified geometry. The principal such object is the ∞-category Bun, the construction of which we now describe.
The natural projection onto the base Bun → Strat is a right fibration, so it can be straightened to form a presheaf on Strat valued in groupoids. We again denote this presheaf Bun; it takes a stratified space K to the collection of constructible bundles with base K. The presheaf Bun is formed by topologizing this presheaf, by applying a procedure we refer to as the topologizing diagram. This topologized functor takes values
the geometric realization of the simplicial space formed by taking products with the extended simplices of Definition 1.4.
The cumulative result of the work of [AFR] , and of all the regularity around substrata ensured by conical smoothness, is the following. Theorem 1.9. Bun is a striation sheaf and, consequently, forms ∞-category via the equivalence Stri ≃ Cat ∞ .
The techniques which showed that Bun forms an ∞-category also allow a small variant where one considers constructible bundles equipped with a section. We call the resulting ∞-category Exit, the absolute exit-path ∞-category, for the following reason. Proposition 1.10 (Exit). The ∞-category Exit has a functor to Bun defined by forgetting the section. Furthermore, for Exit(K) → Bun a functor classified by a constructible bundle f : X → K, there is a pullback diagram
in which the functor Exit(X) → Exit classifies the constructible bundle pr : X × K X ⇄ X with section given by the diagonal. Given an ∞-subcategory Bun ψ ⊂ Bun, we denote the restriction Exit ψ := Exit | Bun ψ with the same superscript.
We note these classes of morphisms have an equivalent definition in terms properties of links. That is, consider a morphism X 0 → X 1 in Bun represented by a constructible bundle X → ∆ 1 . The morphism is closed (respectively, a creation) if the natural map Link X0 (X) → X 0 is an embedding (respectively, is surjective) and the open conically smooth map
can be chosen to be an isomorphism.
Recall the unstraightening construction from [Lu2] , which constructs a monomorphism
The essential image consists of Cartesian fibrations over D. 
Tangential structures
The ∞-category Bun classifying constructible bundles is vast. We are primarily interested in the subcategory of Bun classifying constructible bundles whose fibers are stratified n-manifolds, and also variations which account for infinitesimal structures thereon. Along the lines of results in [AFT] , we recognize this variety of entities as Bun τ for appropriately chosen tangential structures τ . Forgetting structure defines a functor Bun τ → Bun; this functor will have partial fibration properties, mirroring the definition of ∞-operads as functors O → Fin * as developed in [Lu2] (Definition 2.1.1.10). In this section, we give a general framework for such structures, for manipulations among them will be key for the main results of this article. We begin by phrasing the standard tangent bundle of a smooth manifold in terms that facilitate generalization.
Tangent sheaf.
Here we examine what what might call the tangent constructible bundle of a stratified space: T X → X. We do this by defining what the sections of this alleged tangent bundle are. Heuristically, a section V : X → T X is a vector field on X that is tangent to each stratum, which might be regarded as an infinitesimal automorphism of X. Note the distinction between this indication of tangent and that supplied by (characteristic zero) algebraic geometry whose sections cannot be integrated when X is not smooth.
It is awkward and redundant to define this tangent constructible bundle directly; for requiring this notion to restrict to the familiar one for smooth manifolds (with corners) completely characterizes it. So we present some results that articulate a sense in which structures on stratified spaces that are suitably local are completely characterized by their values on Euclidean spaces with corners.
2.1.1. Classical tangent bundle. Before we commence with our main construction, let us phrase the classical tangent bundle of smooth manifolds in a way that can easily be generalized to our stratified situation -this is a key step for later endowing fiberwise structures on tangent data.
Well, for each smooth manifold M there is the sheaf of vector spaces
section of the tangent bundle; and for each smooth map
to the pullback sheaf. This map Df is an isomorphism whenever f is an open embedding. Furthermore, given a smooth map f : M × S → M ′ × S over a smooth manifold S, there is the map of
to the cotensor, given through standard adjunctions as S ∋ s → Df |M×{s} ∈ Vect ϑ M , ϑ M ′ . This provokes us to consider the target of ϑ M to be valued in a modification of Vect that is enriched over the category Shv Vect (Man) of vector space-valued sheaves on smooth manifolds, a model for which is simply the ∞-category Vect of the upcoming Definition 2.2. As so, ϑ M becomes locally constant, and is thus reduced to the datum of a functor ϑ M : M → Vect from the underlying space of M .
Remark 2.1. Replacing Vect by Vect greatly consolidates tangential data, and it also loses a considerable amount of infinitesimal geometric information. As we saw just now, as a Vect-valued sheaf, ϑ M is simply a local system of vector spaces on M , which one can regard as a continuous parallel transport system of vector spaces on M . Of course, such parallel transport on the tangent bundle of M is only defined upon a choice of connection, the infinitesimal geometry of which is rich. Because the space of connections is contractible (for it is convex), the passage from Vect to Vect collapses this choice.
We pause this discussion to give a precise definition of the ∞-category Vect.
Definition 2.2 (Vect). The ∞-category Vect is that associated to the complete Segal space for which a q-simplex in the Kan complex of p-simplices is a sequence of maps of smooth vector bundles over ∆
the simplicial structure maps are visible. There is the ∞-subcategory
consisting of those such sequences of smooth vector bundles over ∆ q e in which each map is a fiberwise injection.
Observation 2.3. The underlying ∞-groupoid of Vect is canonically equivalent to the coproduct of spaces n≥0 BO(n) .
Also, the zero-vector vector space is a zero-object of the ∞-category Vect.
We formalize the paragraph preceeding Remark 2.1 as follows. Consider the functor E : Man → Cat ∞ given by assigning to each smooth manifold its underlying space, then consider the composite functor
Let us use the same notation for the resulting Cartesian fibration
This section satisfies the following two properties:
• The section ϑ sends open embeddings to Cartesian morphisms.
• The section ϑ sends (the opposites of) covering sieves U ⊲ → Man to limit diagrams.
(Actually, the second property follows from the previous, because Vect-valued local systems on a space M fully faithfully embed as Vect-valued sheaves on M .) Because Euclidean spaces form a basis for the standard Grothendieck topology of Man, the values of ϑ are determined by its values on Euclidean spaces, which is the tautological expression:
This expression is further derived by declaring ϑ R ≃ R upon requiring ϑ − to preserve finite products.
Remark 2.4. It is not convenient to work directly with Shv lc Vect as a functor (2), for its sections are Vect-valued constructible sheaves F on the site of smooth manifolds that necessarily pull back with respect to all smooth maps: the canonical map F(M )
is an equivalence for all smooth maps f . The set-up just presented is exactly to account for the fact that ϑ only pulls back with respect to open embeddings: the canonical map op , S as the ∞-category of S-valued constructible sheaves on X -this intuition can be made precise, for instance the case S = Spaces is Theorem A.9.3 of [Lu2] . From that result, one can recover the functor Exit as the value-wise completely compact objects of the functor Shv cbl .
Lemma 2.6. The functor Shv cbl S : Strat op → Cat ∞ has the following properties.
• 
Proof. These assertions follow immediately from the corresponding two facts for Exit (proved in [?]):
• For each covering sieve U ⊂ Strat /X of an object, the functor
• The functor Exit sends each such constructible cover to a pushout diagram among ∞-categories.
Let us use the notation 
to ∞-categories over the poset Z ≥0 of non-negative integers, ordered by inequality, whose value on a stratified space X is the functor Exit(X) dim − − → Z ≥0 whose restriction to a stratum X p ⊂ X is the topological dimension of X p .
Definition 2.9 (ǫ dim ). The dimension constructible sheaf is the parallel Vect-valued sheaf
We will use the following definition for the express purpose of defining the tangent constructible sheaf -it is not intended to be highlighted. 
Remark 2.11. The axioms Products and Pointed of Definition 2.10 are in tension. Together, they require that the initial object of S is absorbing with respect to Cartesian product against objects in the essential image of F. This situation is familiar as the case that S is presentable and has a zero-object, such as with Vect.
Proposition 2.12. Evaluation at R implements an equivalence of ∞-categories
Proof. Consider the full subcategory s : Man ֒→ Strat consisting of the smooth manifolds. This inclusion has a right adjoint, given by u : (X → P ) → p∈P X p the coproduct of strata. By inspection, the locally constant sheaves are the pullback:
There results an adjunction among ∞-categories of sections
Let us argue that this adjunction restricts as an equivalence on parallel sections
The assertion of the proposition is clear for the lefthand ∞-category in the above adjunction, for Euclidean spaces form a basis for the Grothendieck topology of Man, and each Euclidean space R n is an n-fold product of R.
It is routine to verify, by inspection, that s * F is a parallel sheaf on Man whenever F is a parallel sheaf on Strat; and likewise for u * . It remains to argue that the counit u * s * F → F for this adjunction evaluates on each parallel sheaf F on Strat as an equivalence. So fix such a sheaf F. We will prove that the counit
is an equivalence for each stratified space X. Because the domain and the codomain of (4)are sheaves, it is enough to consider the case that X has bounded depth, which we induct upon. The nature of the (s, u)-adjunction is just so that the assertion is true in the case that X has depth zero. Now assume (4) is an equivalence whenever the depth of X is less than k > 0. Again, because (4) is a map between values of sheaves, it is enough to consider the case that X = R i × C(L) is a basic. Because (4) is a map between values of functors that preserve products, and after the depth-zero case, it is enough to consider the case X = C(L). Because (4) is a map between functors that send pushouts witnessing a cone to pullbacks, and by induction on depth, it is enough to consider the case X = L × R ≥0 ; which can be immediately reduced to the case X = R ≥0 because (4) is a map between functors that preserve products. Now, should the induction parameter k be greater than 1, then we are left with nothing remaining to verify. So suppose k = 1, and we are left to show that (4) is an equivalence for the case X = R ≥0 . In this case, the map (4) is one between functors
that agree on Exit({0}) ≃ * and on Exit(R >0 ) ≃ * . More, each of their values on Exit({0}) is initial in S. So, necessarily, these two functors must agree. 
Remark 2.14. Let us describe ϑ value-wise, without regard to its coherent functoriality. Let X = (X → P ) be a stratified space. Recall that the underlying ∞-groupoid of Exit(X) is the coproduct of spaces p∈P X p ; each summand is the underlying space of a smooth manifold. Recall that the space of morphisms of Exit(X) from the X p component to the X q component is the space L pq , which is the q-stratum of the link of X p ⊂ X; it is the underlying space of a smooth manifold. This smooth manifold is equipped as a smooth proper fiber bundle X p πpq ← − − L pq as well as a smooth open embedding L pq × (0, 1) γpq − − → X q -these data are determined by the stratified space X, up to contractible choices.
The functor ϑ X : Exit(X) → Vect can be described on objects and morphisms as follows.
• Objects: It restricts to the component X p of the underlying ∞-groupoid as the local system
classifying the tangent bundle of the smooth manifold X p .
• Morphisms: It restricts to the component L pq of the mapping space as the diagram of local systems
pq T X q with Z the zero-section, and with Dπ ∨ pq the dual of the derivative of π pq . Here, we are using that there is a canonical identification V ≃ V ∨ in Vect for each finite dimensional vector space; such a choice is tantamount to that of a non-degenerate inner product on V , the space of which is contractible. Notice that this local system takes values in Ar inj (Vect), those morphisms between vector spaces which are injective.
Observation 2.15. Manifestly, for each proper constructible embedding X c ← − X 0 the canonical morphisms between Vect-valued functors from Exit(X 0 )
are equivalences.
Tangential structures.
Here we articulate tangential structures among stratified spaces so as to accommodate several expected functorialities. Speaking loosely, each local structure τ on stratified spaces produces an ∞-category Bun τ over Bun that classifies constructible bundles equipped with a vertical τ -structure. It is conceivable that the following two properties of the forgetful functor Bun τ p − → Bun are all that is required to accommodate the methods of this article.
(1) The restriction Bun [Lu2] .) So, in general, we consider ∞-subcategory of splicing ∞-categories over Bun,
consisting of those T p − → Bun that satisfy the above two properties, and those functors T → T ′ over Bun that carry closed-coCartesian morphisms to coCartesian morphisms. We find working at this level of formality too indirect, and so we find a procedure for producing such ∞-categories over Bun from simpler data. Namely, we instead consider ∞-categories over Exit which can then be manipulated into ∞-categories over Bun.
Observation 2.16. The monomorphism from splicing ∞-categories into ∞-categories over Bun preserves and detects limits. This is to say, a limit diagram J ⊳ → (Cat ∞ ) / Bun , factors through splicing ∞-categories whenever the restriction J → (Cat ∞ ) / Bun does. In particular, for T → Bun and T ′ → Bun splicing, then so is the canonical functor T × Bun T ′ → Bun.
Observation 2.17. After Observation 2.16, through presentability considerations there is a left adjoint to monomorphism from splicing ∞-categories into ∞-categories over Bun. In particular, each ∞-category over Bun canonically determines an splicing ∞-category.
Definition 2.18. The ∞-category of pre-tangential structures is that of ∞-categories over Exit, an object of which we typically denote as τ → Exit, or simply as τ with the functor to Exit understood. The ∞-category of tangential structures is the ∞-subcategory of pre-tangential structures consisting of those τ → Exit that satisfy the following conditions.
• Closed: Each solid diagram among ∞-categories
in which the bottom horizontal functor classifies a closed-Cartesian morphism, admits a filler that classifies a coCartesian morphism. Observation 2.19. The monomorphism from tangential structures into pre-tangential structures preserves and detects limits. This is to say, a limit diagram J ⊳ → (Cat ∞ ) / Exit , factors through tangential structures whenever the restriction J → (Cat ∞ ) / Exit does. In particular, for τ → Exit and τ ′ → Exit tangential structures, then so is the canonical functor τ ×
Observation 2.20. After Observation 2.19, through presentability considerations there is a left adjoint to monomorphism from tangential structures into pre-tangential structures. In particular, each pre-tangential structure canonically determines a tangential structure.
Fix a functor E p − → B between ∞-categories. The functor p ♮ : Cat /E → Cat /B given by composing (K → E) → (K → E → B) preserves colimits. From presentability considerations, there is a right adjoint
given by base change. Because colimits in Cat ∞ are universal, this functor also preserves colimits, and therefore has a right adjoint
.
By definition, the value of this right adjoint on τ → E, has the following universal property.
For each functor K → B, there is a canonical identification of the space of functors over B
with the space of functors over E from the pullback.
We give the next definition in terms of the functor Exit
Definition 2.21 (Bun τ ). For each tangential structure τ → Exit, the ∞-category of τ -structured stratified spaces is the ∞-subcategory Bun τ ⊂ p * τ over Bun for which a functor K → p * τ factors through Bun τ if its adjoint K | Exit → τ carries closedcoCartesian morphisms to coCartesian morphisms. For each class ψ of morphisms of Bun, we use the notation Bun τ,ψ := Bun
Observation 2.22. The assignment (τ → Exit) → (Bun τ → Bun), from tangential structures to ∞-categories over Bun, preserves limits. Indeed, the functor p * : Cat ∞/ Bun → Cat ∞/ Exit carries the ∞-subcategory of splicing ∞-categories over Bun to that of tangential structures over Exit. The named assignment is right adjoint to this restricted functor.
Remark 2.23. Explicitly, using Lemma 1.13, a τ -structured stratified space is a stratified space X together with a lift
Should the pullback τ |X → Exit(X) be the unstraightening of a functor Exit(X)
lift is the datum of a point g ∈ lim Exit(X) τ |X − − → Spaces in the limit.
Remark 2.24. Through Theorem A.9.3 of [Lu2] , we can interpret such a g as a global section of a constructible sheaf on the stratified space X. Better, a tangential structure τ determines a sheaf on the site of stratified spaces and open embeddings among them, and there is a functor from (Bun τ ) emb to the ∞-category of τ -structured objects of this site.
Observation 2.25. By design, for each tangential structure τ , the projection Bun τ,cls → Bun cls preserves and detects limits.
Lemma 2.26. For each tangential structure τ , the pair of ∞-subcategories (Bun τ,cls , Bun τ,act ) is a factorization system on Bun τ .
Proof. In [AFR] we prove the case that τ = − → Exit is the terminal tangential structure. The result follows because Bun τ → Bun is closed-coCartesian.
Definition 2.27 (Bun ≤n ). We define the tangential structure Exit ≤n → Exit as the monomorphism among ∞-categories for which a functor Exit(K)
− −−−− → Exit, classifying the indicated constructible bundle with a section, factors through Exit ≤n provided, for each point k ∈ K, the local dimension dim σ(k) (X |k ) is at most n. We denote the resulting ∞-category
Remark 2.28. Explicitly, a functor Exit(K)
− −−−− → Bun factors through Bun ≤n if the fibers of X → K are bounded above in dimension by n. Indeed, the space of lifts of Exit(X) → Exit through Exit ≤n is either empty or contractible, depending on the dimension of X.
Lemma 2.29. For each dimension n, the functor Exit ≤n → Exit is a tangential structure.
Proof. The restriction Exit | Bun cls → Bun
cls is a Cartesian fibration. In particular, each closed morphism X c − → X 0 in Bun determines a functor between fiber ∞-categories Exit(X) ← Exit(X 0 ) : c ! . Because Exit : Strat → Cat ∞ is fully faithful, this functor Exit(−) evaluated on a conically smooth map c ! : X 0 → X. Because c is closed, this conically smooth map is a proper constructible embedding. In particular, for each point x ∈ X 0 , regarded as an object of Exit(X), the point c ! (x) ∈ X has local dimension bounding that of x ∈ X 0 :
The result follows quickly from this inequality.
Notation 2.30. For each tangential structure τ , and for each dimension n, we define the tangential structure τ ≤n := τ × Exit Exit ≤n and use the notation 
Construction 2.31 (τ = S). The assignment
describes a functor from the ∞-category Cat ∞ of ∞-categories to the ∞-category of tangential structures. For S an ∞-category, we use the simplified notation
The next observation is direct from the construction of Bun τ from a tangential structure τ → Exit.
Observation 2.32. Let S be an ∞-category. For each functor K → Bun, the ∞-category of sections
is identified as the full ∞-subcategory consisting of those functors F : Exit |K → S for which the restriction F | cls : Exit cls |K → S factors through S ∼ , the maximal ∞-subgroupoid of S. In particular, an object of the ∞-category Bun S is a stratified space X together with a functor Exit(X) g − → S.
Framings.
Here we present some examples of tangential structures, the most prominent ones being various relaxations of the vari-frame bundle of a stratified space.
Recall from Section §2.1, for each stratified space X, the functor
where, here, T x X is the tangent space at x of the stratum of X containing x. For X f − → K a constructible bundle, there is an epimorphism between Vect-valued functors from Exit(X)
This leads us to consider the kernel of this epimorphism, which is the vertical tangent constructible
This kernel assembles as a functor, as the following definition. given by assigning to a functor Exit(K)
Notation 2.35. For X p − → K a constructible bundle, we use the notations
Observation 2.36. The assignments of Definition 2.33 and Definition 2.34 indeed define functors, and each satisfies the requisite locality of Observation 2.32. The functoriality follows because, for each diagram among stratified spaces
in which vertical map is constructible and each square is pullback, and for each 0 ≤ u ≤ v ≤ i, the square of Vect-valued functors from Exit(X u )
is a pullback, and the local dimensions of the fibers
agree. The requisite localities are Observation 2.15.
Definition 2.37 (Vari-framing). The vari-framing tangential structure is the pullback
For each dimension n, the n-vari-framed tangential structure is the pullback
The ∞-category of vari-framed (stratified) n-manifolds is
It is immediate from definitions that the functor vfr → Exit , as well as vfr n → Exit for each n ≥ 0, is indeed a tangential structure.
Definition 2.38 (B-framings). For each dimension n, and for each map of spaces B → BO(n), the B-framing tangential structure is the limit
as it is equipped with the left vertical projection. The ∞-category of B-framed (stratified) nmanifolds is Mfd
The ∞-category of (stratified) n-manifolds, and the ∞-category of solidly framed (stratified) nmanifolds, are the special cases
and Mfd sfr n := Mfd * n . It is immediate from definitions that each functor sB → Exit is indeed a tangential structure. The assignment
Remark 2.39. Explicitly, a stratified n-manifold is a stratified space X together with a rank n vector bundle η on X, as well as an injection of constructible sheaves of vector spaces ϑ X ֒→ η. By way of a zero-seciton, such data determines an embedding of X into the cokernel X ֒→ η/ϑ X , the target of which is a topological manifold of dimension n (with regularity that we will not take the care to articulate). In this way, we regard ϑ X ֒→ η as an infinitesimal thickening of X as a smooth n-manifold; in particular, the topological dimension of X is bounded above by n. Should X be a smooth n-manifold, then the injection ϑ X ֒→ η is an isomorphism, and so η is no more data than of X alone.
Remark 2.40. A B-structure on a stratified n-manifold (X, ϑ X ֒→ η) is a lift of the classifying map X η − → BO(n) to B. Specifically, a solid framing on such a stratified n-manifold is an isomorphism of vector bundles η ∼ = ǫ n X with the trivial rank n vector bundle over X. In particular, the space of solid framings on such a stratified n-manifold is a torsor for Map X, O(n) (provided a solid framing exists), which only depends on the underlying space of X.
Observation 2.41. The construction τ → Bun τ being a right adjoint, there are canonical pullback diagrams among ∞-categories
Observation 2.42. For each dimension n, there are projections
n . Remark 2.43. A vari-framing on a stratified n-manifold (X, ϑ X ֒→ η) is a trivialization of (ϑ X ֒→ η), by which we mean an equivalence of functors Exit(X) → Ar inj (Vect)
where ǫ dim X : Exit(X) op → Vect is the functor whose restriction to the i-dimensional stratum X i is the constant functor at R i , and whose value on the space of morphisms from X i to X j is the inclusion R i ֒→ R j as the first coordinates. In particular, a vertical n-framing on a stratified space X determines, for each dimension i, an equivalence of vector bundles
and also, for each pair of dimensions i ≤ j with link system
with the standard projection off of the final coordinates; and likewise for finite sequences of dimen-
Remark 2.44. Let us explicate these notions of framings. Consider the ∞-category O over the poset Z ≥0 of non-negative integers, ordered by inequality, for which a the space of functors
the space of those orthogonal linear maps that restrict to orthogonal linear maps of each standardly embedded R iu ⊂ R ip . The simplicial structure maps are visible, as is the fact that this simplicial space satisfies the Segal condition and is univalent -the Segal condition amounts to the orthogonal
Because it is so pointwise as a simplicial space, this ∞-category is naturally a group object among ∞-categories.
Let M be a smooth n-manifold possibly with corners, equipped with a conically smooth stratification. The assignment M ∋ x → dim x (M ) ∈ Z ≥0 is a stratification of M under its given stratification. There results a functor dim : Exit(M ) → Z ≥0 . The space of vari-framings on M is a torsor for the group of functors over Z ≥0
provided a vari-framing exists. On the other hand, the space of solid framings on M is a torsor for the group of maps from its underlying space
provided a solid framing exists.
Let us demonstrate the vast difference between these two notions of framings. Consider the case that M = D 3 is the hemispherically stratified 3-disk. There is a restriction map
whose fiber over the standard vari-framing on ∂D 3 is Ω 3 O(3). In these low dimensions, the codomain of this map is discrete, while the named fiber has infinitely many connected components. On the other hand, the space of solid framings on D 3 is a torsor for O(3), which has two components.
Disks
A stratified space naturally accommodates two types of gluing procedures: unions of open subsets, thereby making use of the underlying topology; splicing along strata, thereby making use of the stratification. Correspondingly, there are two notions of locality for invariants of stratified spaces, which not independent. For instance, should a stratified space be 'sufficiently finely stratified', then these two localities refine each other, at least in a locally constant sense: regular neighborhoods of strata determines an open cover which, up to isotopy, refines any other open cover. We articulate this intuition of 'sufficiently finely stratified' as a disk -stratification. We do this by considering suspensions of compact stratified spaces, and suspensions of structures thereon. We find it most efficient for our purposes to introduce such suspension by way of wreath product.
3.1. Iterated constructible bundles. Here we exploit the universal nature of Bun as a classifying object for constructible bundles. To this end, we utilize the point-set entity Bun from which Bun is derived.
Consider the simplicial category
whose category of p-simplices is the subcategory of Fun ([p] op , Strat) whose objects are those X • : [p] op → Strat for which, for each 0 ≤ i ≤ j ≤ p, the conically smooth map X j → X i is constructible, and whose morphisms X • → Y • are those natural transformations for which, for each 0 ≤ i ≤ j ≤ p, the square
is pullback. The simplicial structure functors of Fun ([•] op , Strat) restrict to Bun • , using the result from [AFR] that constructible bundles compose.
Among the simplicial structure functors, restriction along each {0 < · · · < i} ֒→ {0 < · · · < p} induces a right fibration
Observation 3.1. The projection (5) for the case i = 0 is a transversality sheaf. This follows quickly by induction on p, after the base case p = 1 which is proved in [AFR] .
Notation 3.2 (Bun p ). After Observation 3.1, a main result of [AFR] associates to each such functor
Heuristically, the ∞-category Bun p classifies p-fold sequences of constructible bundles.
Observation 3.3. Consider the subcategory ∆ − ⊂ ∆ consisting of the same objects yet morphisms that preserve minimima. The ∞-categories Bun p assemble as a functor Bun is a canonical equivalence of spaces of functors
which is contravariantly functorial in the variable K. As so, the space of functors Map Exit(K), Bun Bun has the following explicit description, as a Kan complex. A q-simplex is a composable pair of constructible bundles
over ∆ q e . Better, for each p > 0 there is a canonical equivalence of ∞-categories
Observation 3.5. Observations 3.3 and 3.4 combine as an interesting functor Lemma 3.6. There is a preferred filler in the diagram among ∞-categories
Proof. As striation sheaves, this filler is the presheaf on Strat for which, for each stratified space K, the map on spaces of K-points which is the assignment
Corollary 3.7. Each functor A × B → C among ∞-categories canonically determines a filler in the diagram among ∞-categories
Proof. Through Lemma 2.32, the problem is to canonically construct a functor
satisfying the locality of Lemma 2.32. This locality will be manifest from the construction of the functor. Lemma 3.6 offers the functor
The counit of the adjunction defining τ → Bun τ gives the functor
The result follows upon composing the named functors. 
Lemma 3.9. The diagram among ∞-categories
Inspecting their definitions, there are short exact sequences of Vect-valued functors from Exit(X)
Because each of these exact sequences is comprised functors valued in finite dimensional vector spaces, they each canonically split in Vect. This is to say there are canonical identifications in Vect:
This verifies the asserted commutativity for each K-point of Bun 2 . The asserted commutavity follows because the aformentioned short exact sequences manifestly pullback along morphisms K → K ′ . Proof. The first and third functors are constructed directly by unwinding definitions, making use of Observation 2.41. The second functor is constructed similarly.
3.3. Suspension. We discuss suspending framed stratified spaces. Let us first motivate the developments that follow.
Definition 3.11. The suspension of a compact stratified space X is the iterated pushout (in Strat):
The fiberwise suspension of a proper constructible bundle X p − → K is the iterated pushout (in Strat):
as it is equipped with the projection to K. 
is comprised of pullback squares.
Lemma 3.13. The assignment
This functor admits a preferred lifts
Proof. Observation 3.12 gives that the assignment (6) defines a functor cBun → Bun 2 over Strat, which takes values in composable proper constructible bundles. Applying topologizing diagrams, there results a functor cBun → Bun cBun between ∞-categories, regarded here as striation sheaves through the results of [AFR] . The composite functor cBun → Bun
as desired. The lift on vari-framed stratified spaces, as well as solidly framed stratified spaces, is manifest.
Definition 3.14. A suspending tangential structure is a tangential structure τ → Exit together with a lift
which we refer to as framed suspension.
Example 3.15. The functor of Lemma 3.13 composed with the functor of Corollary 3.10 gives that vfr is suspending, as well as sfr, is suspending.
Lemma 3.16. For each compact vari-framed stratified space L, the map between spaces of automorphisms
is an equivalence.
Proof. Let S be a smooth manifold, and consider an a map S → Bun vfr to the component of S fr (L) -this map classifies a proper constructible bundle E p − → S, equipped with a vertical vari-framing Exit(E) g − → vfr, and each structured fiber E s , g | Exit(Es) is equivalent in Bun vfr to S fr (L). The fiberwise dimension-zero strata of E is a two-sheeted cover over S. The vertical vari-framing of E → S in particular implies this two-sheeted cover is trivial. There are two disjoint sections S → E, which together give a proper constructible embedding S ⊔ S ⊂ E. Taking the blow-up along this closed constructible subspace gives the composible pair of proper constructible bundles
There is the short exact sequence of Vect-valued functors from Exit Unzip S⊔S (E)
Restricted to Exit Link S⊔S (E) , the cokernel term vanishes; restricted to
the kernel term vanishes and the cokernel term does not. The first coordinate of the vertical variframing Exit(E) → vfr therefore determines a non-vanishing parallel vector field on Unzip S⊔S (E) Link S⊔S (E) in the sense of [AFT] . We will now explain an extension of this vector field to all of Unzip S⊔S (E). Let α : Link S⊔S (E) × [0, 1) ֒→ Unzip S⊔S (E) be a choice of collaring, the existence of which is guaranteed by the results of [AFT] . Denote the restriction α :
The vertical vari-framing of E → S determines an identification of short exact sequences of Vect-valued functors from Exit Link S⊔S (E)
The above diagram grants that this vector field extends to a non-vanishing vector field on Unzip S⊔S (E) in a neighborhood of Link S⊔S (E) which agrees with the one on Unzip S⊔S (E) Link S⊔S (E) constructed in the paragraph above.
Flowing by vector field on Unzip S⊔S (E) just constructed gives a partially defined conically map
over S × [−1, 1] which, upon applying Exit(−), lies over vfr. This map γ extends the map α above, and has the property that its restriction
is defined and is an isomorphism over S and, which, upon applying Exit(−), lies over vfr. In particular, we recognize an isomorphism of stratified spaces S fib Link S− (E) ∼ = E over S which, upon applying Exit(−), lies over vfr. The result follows from from the identification of vertically vari-framed construtible bundles Link S− (E) ≃ L over S.
Lemma 3.13 supports the following definition.
Definition 3.17 (Hemispherically stratified disks). The hemispherically stratified n-disk is the vari-framed n-manifold defined inductively as the framed suspension
Corollary 3.18. For each dimension n the space of automorphisms
Proof. By definition, D n = S fr (D n−1 ). The result follows from Lemma 3.16, by induction on n; the base case for which is n = 0 which is clear.
3.4. Disks. We articulate compact vari-framed disk -stratified spaces. We do so through a universal property, as the smallest collection closed under certain formations.
Definition 3.19 (Closed covers). For each tangential structure τ , a limit diagram
• a purely closed cover if the diagram factors through Bun τ,cls ; • a refinement-closed cover if X ′ → X 0 is a refinement morphism and X ′′ → X 0 is a closed closed morphism. The limit diagram is a closed cover if it is either a purely closed cover or a refinement-closed cover.
Remark 3.20. The opposite of a purely closed cover ( Definition 3.21. Let τ be a suspending tangential structure. The ∞-category of compact τ -structured disk-stratified spaces is the smallest full ∞-subcategory
with the following properties.
• There is an inclusion of the fiber cBun
• The framed suspension S fr (M ) belongs to cDisk τ whenever M does.
For each dimension n, the ∞-category of compact vari-framed disk-stratified n-manifolds is the intersection cDisk 
which implies the functor Exit(E) → Exit(K) is an essentially surjective right fibration whose fibers are 0-types. The latter is classified by a functor Exit(K) → Fin Proof. First, note the existence of an n-skeleton functor (−) ≤n : Strat → Strat. Taking this nskeleton fiberwise then defines a functor (−) ≤n : Bun → Bun which commutes with the projections to Strat. Namely, to a constructible bundle f : M → K defining an object of Bun, define the n-skeleton (M |K) ≤n relative K as the substratified space of M which contains a point x ∈ M if and only if dim x (f −1 f (x)) ≤ n, i.e., if x belongs to the n-skeleton of the fiber over f (x) ∈ K. The map (M |K) ≤n → K again forms a constructible bundle over K.
Applying the topologizing diagram of [AFR] to the functor (−) ≤n : Bun → Bun gives a functor of ∞-categories (−) ≤n : Bun → Bun. By construction, this maps into the ∞-subcategory Bun ≤n . We construct a natural transformation id → (−) ≤n . This is given by a likewise fiberwise procedure, viewing Bun as a right fibration over Strat. Given any f : M → K as before, define the substratified space of the total space of the constructible bundle
≤n , the union of the fiber over {0} with the fiberwise n-skeleton of M × ∆ 1 over K × ∆ 1 . This natural transformation is an equivalence on the ∞-subcategory Bun ≤n , so it thereby forms the unit of an adjunction realizing (−) ≤n as a localization. Note that, by construction, this unit is given by a closed morphism on each M . Equivalently, this shows that the functor Bun → [1] is both a Cartesian and coCartesian fibration, where Bun is defined to be the full ∞-subcategory of Bun ×[1] whose fiber over {0} is Bun and whose fiber over {1} is Bun ≤n .
We extend this to the general τ -structured case by dint of applying requirement (1), which ensures that the restriction of Bun τ → Bun to closed morphisms is a coCartesian fibration, applied to fact that the unit of the above localization is implemented by closed morphisms. Picture this geometrically as follows. For each K-point of Bun τ represented by a constructible bundle M → K, we can again form the stratified space M × {0} ∪ (M × ∆ 1 |K × ∆ 1 ) ≤n . By the coCartesian property, a τ -structure on M × {0} canonically extends to a fiberwise τ -structure on the entire space over K × ∆ 1 . Formally, we construct the corresponding correspondence ∞-category Bun τ → Bun → [1], and we show the composite functor is both a Cartesian and a coCartesian fibration. First, it is again manifestly Cartesian. To check the coCartesian property amounts to the existence of coCartesian morphisms with any fixed source M ∈ Bun τ ≃ Bun τ |{0} lying over the single non-identity morphism in [1] . We first choose the lift in Bun, using that Bun → [1] is coCartesian. This lift is a closed morphism, by construction, and Bun τ → Bun is a coCartesian fibration over closed morphisms;
consequently, a second lift can be chosen, and we obtain that the composite functor Bun τ → [1] is coCartesian and Cartesian.
Lastly, we set τ = vfr and observe that this localization preserves the property of being diskstratified, which completes the result. Proof. We proceed by induction on the dimension n of M . The base case of the induction, where n = 0 and so M is the datum of a finite set, follows from Lemma 3.22 which identifies cDisk vfr n (M, M ) as the space of maps of finite sets from M to M .
We assume the statement for manifolds up to dimension n − 1. There is a map of spaces
from automorphisms of M to automorphisms of the (n − 1)-skeleton M <n . By induction, it is enough to prove that each fiber of this map has contractible components. Since automorphisms form a grouplike space, all fibers have the same homotopy type, so it suffices to show that the fiber over the identity map of M <n has contractible components. We write this as Aut(M, M <n ).
Consider the collection of closed morphisms {M → D α } indexing the n-cells of M , so that each D α is a refinement of D n . By definition of being disk-stratified, M is a limit of the D α relative their (n − 1)-skeleta, we have that the natural map
is an equivalence. That is, we are reduced to the case where M is a refinement of D n . Each D α is the limit of a refinement-closed cover
From this, we obtain that the natural map Aut(
is an equivalence. Thus, we are at last reduced to showing the case M = D n . In this last case, the discreteness of Aut(D n , ∂D n ) follows from the discreteness of Aut(D n ) proved in Corollary 3.18 and the discreteness of Aut(∂D n ) posited in the induction.
3.5. Wreath. We compare the wreath construction, which ultimately defines Θ n , with iterated constructible bundles.
We recall the wreath construction. We use the notations Fin * := Fin * / for the ∞-category of based finite sets, and Fin * ⋆ ⊂ Fin * ⊔⋆/ for the ∞-category of doubly based finite sets which is the full ∞-subcategory consisting of injections from * ⊔⋆. There is an evident forgetful functor Fin * ⋆ → Fin * .
Definition 3.25 (Wreath). For each ∞-category D → Fin * over based finite sets, the wreath functor
is the right adjoint to the composite colimit preserving functor among presentable ∞-categories:
Example 3.26. We regard the opposite of the simplex category ∆ op as an ∞-category over based finite sets by way of the simplicial circle
Observation 3.27. Being defined in terms of a right adjoint, for each ∞-category D over Fin * , a fully faithful functor C ֒→ C ′ between ∞-categories induces a fully faithful functor D ≀ C → D ≀ C ′ is fully faithful. Lemma 3.29. Let n be a dimension, and let τ be a suspending tangential structure. For each ∞-category C there is a functor
This functor admits a fully faithful left adjoint whenever C has an initial object.
Proof. It is enough to prove the result for the case τ = − → Exit. Consider the full ∞-subcategory Exit =n | cDiskn ⊂ Exit | cDiskn from the explanation of Lemma 3.28. Using that each stratum of an object of cDisk n is contractible, we identify the fiberwise path components
over cDisk n . In particular, we have a fully faithful functor
Fin * ⋆| cDiskn −→ Exit | cDiskn over cDisk n . In particular, for each ∞-category C there is a restriction functor
The desired functor follows upon unwinding definitions. Now, the fully faithfulness of (7) gives that a left adjoint to (8) is fully faithful, whenever one exists. Again using that each stratum of an object of cDisk n is contractible, and using that the dimension of each stratum of an object of cDisk n is bounded above by n, the full ∞-subcategory Exit =n | cDiskn ⊂ Exit | cDiskn has the property that, for each object (x ∈ D) ∈ Exit | cDiskn , the over ∞-category (Exit =n | cDiskn ) /(x∈D) is either empty or has a final object. Because a left adjoint to (8) is computed via left Kan extension, we conclude that such a left adjoint exists if and only if C has an initial object. Proof. After Lemma 3.29 it need only be checked that cDisk τ j has an initial object. Because of the condition on τ ≤0 , this is the case exactly because cDisk j has an initial object, which is * .
3.6. Iterated linear orders. We recall the definition of the category Θ n , and prove that its opposite fully faithfully embeds into cDisk . By inspection, this full ∞-subcategory has property (6).
We will construct an equivalence of ∞-categories
as striation sheaves, according to the main result of [AFR] . Let K be a stratified space. After Theorem 3.24, the space of K-points of each striation sheaf is a 0-type.
Consider a functor Exit(K)
(X→K,φ)
Denote the fiberwise 0-dimensional strata as X 0 → K, and likewise X >0 → K for its complement. Choose a conically smooth embedding e : X ֒→ R × K over K for which the pullback vertical var-framing e * >0 ∂ t : Exit(X >0 ) → vfr is in the same component of the restriction φ >0 : Exit(X >0 ) → vfr. This embedding e determines a fiberwise linear order ≤⊂ X 0 × K X 0 . This subspace ≤ is constructible and closed, and does not depend on the choice of embedding e. Taking values in D implies X 0 → K is a surjective proper constructible bundle and has the following unique path lifting property (in Strat)
Furthermore, the constructible fiberwise linear order enhances the right fibration Exit(X 0 ) → Exit(K) to a Cartesian fibration whose fibers are non-empty finite linearly ordered sets. Such a Cartesian fibration is classified by a functor Exit(K) (X0→K,≤) − −−−−−− → ∆ op . We have thus produced a well-defined assignment of K-points from those of D to those of ∆ op . Tracing through the construction of this assignment, it restricts along conically smooth maps K ′ → K, thereby producing the desired functor
We now wish to show this functor is an equivalence of ∞-categories. It is clearly essentially surjective, and surjective on mapping components. To see that this functor is injective on mapping components follows upon observing that, in the situation of the preceeding argument, the space of embeddings e : X ֒→ R × K over K is connected. This proves property (1).
Properties (2),(3),(4), and (5) follow by direct inspection of the functor D → ∆ op just constructed.
We give a definition of Joyal's category Θ n . This follows Definition 3.9 in [Be] , adopted for the wreath Construction 2.4.4.1 of [Lu2] . Proof. Let T, T ′ ∈ Θ n be objects. We must show that the map of spaces (9) Θ n (T ′ , T )
is an equivalence. We will prove (9) is an equivalence by induction on the dimension of the underlying stratified space of |T ′ |. Suppose the dimension of |T ′ | is zero. Necessarily, T ′ = c 0 is the 0-cell and |T ′ | = D 0 is the hemispherically stratified vari-framed 0-disk, which is just * . As so, both Θ n (c 0 , T ) and cDisk vfr n |T |, D 0 are compatibly identified as the space |T | 0 which is the zerodimensional stratum of the stratified space |T |. This proves the base case of our induction. Now suppose (9) is an equivalence whenever the dimension of the underlying stratified space of |T ′ | is less than k ′ . Let us proceed by induction on the dimension of the underlying stratified space of |T |. Suppose the dimension of |T | is zero. Necessarily, T = c 0 is the 0-cell and |T | = D 0 is the hemispherically stratified vari-framed 0-disk, which is just * . As so, both Θ n (T ′ , c 0 ) and cDisk vfr n D 0 , |T ′ | are terminal. This proves the base case of our nested induction. So suppose (9) is an equivalence whenever the dimension of the underlying stratified space of |T | is less than k.
By construction, each object of Θ op n can be witnessed as a finite iteration of Segal covers among the cells c k (0 ≤ k ≤ n). Because Segal covers are in particular limit diagrams in Θ op n , there is a finite limit diagram U ⊳ → Θ op n whose value on the cone point is T ′ and whose value on each U ∈ U is a k-cell for some 0 ≤ k ≤ n. Lemma 3.37 gives that the composite functor U ⊳ → Θ op n → cDisk vfr n too is a finite limit diagram whose value on the cone-point is |T ′ | and whose value on each U ∈ U is a hemispherically stratified vari-framed k-disk for some 0 ≤ k ≤ n. This explains the vertical equivalences Therefore, the map (9) is an equivalence if and only if it is for T ′ = c j ′ for each 0 ≤ j ′ ≤ n. ' Lemma 3.37 gives that each object T ∈ Θ op n can be witnessed as a finite colimit diagram V ⊲ → Θ op n with the value on the cone-point T and with the value on each V ∈ V a k-cell for some 0 ≤ k ≤ n. Lemma 3.39 grants that the composite functor V ⊲ → Θ op n → cDisk vfr n is again a finite colimit diagram whose value on the cone-point is |T | and whose value on each V ∈ V is a hemispherically stratified vari-framed k-disk for some 0 ≤ k ≤ n. This explains the vertical equivalences Therefore, the map (9) is an equivalence if and only if it is for T = c j for each 0 ≤ j ≤ n.
We have reduced the problem of showing (9) is an equivalence to the case T = c k and T ′ = c k ′ , with the assumption that the map (9) is an equivalence whenever the dimensions of |T | and |T ′ | are smaller than k and k ′ , respectively. Lemma 2.26 states a closed-active factorization system on Continuing with the situation of the previous paragraph, should ∂E → ∆ 1 be a conically smooth fiber bundle of stratified spaces (not just underlying topological spaces), then necessarily E → ∆ 1 too is a conically smooth fiber bundle of stratified spaces. We conclude that the inclusion of components cDisk
is an equivalence of spaces. Because Θ aut n (c k , c k ) ≃ * is terminal, we have reduced the problem of showing (9) is an equivalence to that of showing the space of automorphisms
is terminal. This is the statement of Corollary 3.18.
The following two lemmas were used in the above proof of Theorem 3.38, the fully faithfulness of cellular realization. Proof. Each section |T ′ | → |T | is a creation morphism manifestly in the image of the functor Strat cbl,op → Bun. We recognize the diagram of sections as a limit diagram in Strat cbl .
Factorization homology
We now give a definition of factorization homology. We do this in two conceptual steps. The first step can be interpreted as extending sheaves from a basis for a topology. The second step can be interpreted as integration.
4.1. Higher categories. We recall Rezk's definition of (∞, n)-categories.
Definition 4.1 ( [Re2] ). The ∞-category Cat (∞,n) of (∞, n)-categories is equipped with a functor Θ n ֒→ Cat (∞,n) , and is initial among all such for which
• Cat (∞,n) is presentable.
• Segal: The functor Θ n → Cat (∞,n) carries Segal cover diagrams to colimit diagrams.
• Complete: The functor Θ n → Cat (∞,n) carries completeness diagrams to colimit diagrams.
Equivalently, restricting the Yoneda embedding along the inclusion Θ n ֒→ Cat (∞,n) gives a presentation Cat (∞,n) ֒→ PShv(Θ n ) as the full ∞-subcategory of those space-valued presheaves on Θ n which send Segal covering diagrams to limit diagrams in Spaces and which satisfy completeness. Given the fully faithfulness of the cellular realization functor Θ op n → cDisk vfr n established in Theorem 3.38, we therefore obtain a sequence of fully faithful embeddings Cat (∞,n) ֒→ PShv(Θ n ) ֒→ Fun(cDisk vfr n , Spaces) .
Factorization Homology.
In the preceding section, we identified (∞, n)-categories as a full ∞-subcategory of copresheaves on disk-stratified vari-framed n-manifolds. Since stratified disks naturally lie fully inside all stratified manifolds, we can now define factorization homology as the left Kan extension from this full ∞-subcategory to copresheaves of manifolds. n following the inclusion of (∞, n)-categories into copresheaves on vari-framed disk-stratified n-manifolds.
Equivalently, given an (∞, n)-category C, factorization homology is defined by the following two Kan extensions: 
